INTRODUCTION
In this paper we establish the quantum analogues of the first and second fundamental theorem for vector invariants for the symplectic group. Let us briefly recall this result. Consider a vector space V endowed with a non degenerate antisymmetric bilinear form ( , ). Let Sp(V) denote the group of isometries. The first and second fundamental theorems for vector invariants for Sp(V) tells us that any invariant polynomial function on
is a polynomial in the functions a i, j , 1 i<j n, whose value on a n-tuple of vectors v 1 , v 2 , ..., v n is given by (v i , v j ), while the ideal of relations is described as follows: if n dim V the a i, j are algebraically independent. If n>dim V, then it is generated by the order dim V+1 Pfaffians of the n_n antisymmetric matrix whose i, j-th entry equals a i, j . Our scope in this paper is to give a q-analogue of this theorem. For this purpose we introduce in Section 1 a q-analogue of the ring of functions on a generic antisymmetric matrix, give various bases for this ring and study various quotients of it. Here the basic idea is to introduce a q-analogue of the notion of a Pfaffian.
In Section 2 we connect this idea with the invariant theory for the direct sum of m copies of the standard representation of the quantum enveloping algebra for type C n . We define a q-analogue of the ring of functions on m copies of the standard representation of the quantum enveloping algebra for type C n and prove our main theorem using the results of Section 1.
on a generic antisymmetric n_n q-matrix A is the free K-algebra generated by variables a i, j for 1 i<j n modulo the ideal generated by the relations We start by proving that this is actually a q-analogue of a polynomial ring. For this let us order lexicographically the set of pairs (i, j) with i<j.
with (i 1 , j 1 ) (i 2 , j 2 ) } } } (i m , j m ), are a basis for A.
Proof. The fact that these monomials span A is clear from the defining relations. To show their linear independence let us define a representation of A. For this let us consider the polynomial ring K[ y i, j ] with 1 i<j n and define a A-module structure on K[ y i, j ] by defining the action of a i, j as follows. Take the basis of K[ y i, j ] formed by the monomials M=y i1, j1 y i2, j2 } } } y im, jm
Suppose now that the action of the a i, j 's has been defined on monomials of degree smaller than m. Set a i, j b M=y i, j M if (i, j) (i 1 , j 1 ). Notice that this completely defines the action of a 1, 1 , so that we can suppose that by induction the action of a i $, j $ for (i$, j $)<(i, j) has been defined. Suppose now that (i, j)>(i 1 , j 1 ). Then using the defining relations (1.1), we can write a i, j a i1, j1 as a linear combination of monomials a s, t a h, k with (s, t)<(i, j). Using this, the fact that M=a i1, j1 b y i2, j2 } } } y im, jm and the inductive hypotheses we immediately deduce that in order to obtain an action of A, the action of a i, j can be defined in exactly one way. It is then easy to see that this indeed defines an action of A on K[ y i, j ].
The linear independence of the monomials M then implies the claim. K Consider now the quantized enveloping algebra U q (gl n ) (see [2, 3] ), with generators E 1 , ...
n . We claim that we have a natural action of U q (gl n ) on A. To define it, we first define it on the vector space with basis the elements a i, j by setting
It is easy to see that defines the irreducible representation corresponding to the fundamental weight | 2 . The fact that U q (gl n ) is a Hopf algebra, immediately implies that we get a representation on the free algebra generated by the a i, j 's. We have Proposition 1.2. The action of U q (gl n ) defined on the vector space with basis the elements a i, j , induces an action of U q (gl n ) on A. Furthermore, all the defining relations for A can be deduced from the relation a 1, 2 a 1, 3 =qa 1, 3 a 1, 2 (1.3) and the fact that U q (gl n ) acts on A.
Proof. We shall prove the second part. The proof of the first follows along the same lines. Let us proceed by induction on the lexicographic ordering of the fourtuple (i, j, h, k) to show that the compatibility with the action of U q (gl n ) can be used to deduce the corresponding relation for a i, j a h, k . We can clearly assume that i h and, if i&h, j<k. We have various cases.
If i=h=1 and j=2, consider the relation a 1, 2 a 1, k&1 =qa 1, k&1 a 1, 2 which we suppose to hold by induction and apply F k&1 . We deduce that a 1, 2 a 1, k =qa 1, k a 1, 2 as desired.
The treatment of all cases in which i=h is completely analogous and we leave it to the reader.
Assume now that i<h. If j=k, then if i>1, consider the relation a i&1, j a h, j =qa h, j a i&1, j . We deduce, applying F i , the desired relation a i, j a h, j =qa h, j a i, j . By similar reasoning we reduce to the case i=1, h=2. In this case if j>3 start with the relation a 1, j a 2, j&1 =a 2, j&1 a 1, j and apply F j to deduce the desired relation. We remain with the case j=3. In this case we start with the relation a 1, 2 a 2, 3 =qa 2, 3 a 1, 2 and apply F 2 , getting the desired relation.
Assume now i<h and j>k. In this case if i>1 we start from the relation a i&1j a h, k =a h, k a i&1, j and apply F i to get the relation a i, j a h, k =a h, k a i, j , so we can assume i=1. Proceeding in a completely analogous way, we reduce to the case in which h=2, k=3, j=4. In view of the above proposition we propose now to study the representation of U q (gl n ) on our algebra A and find its irreducible components. Notice that A is graded and that if we consider its homogeneous component of degree m, A m , a basis for it is given by the monomials a i1, j1 a i2, j2 } } } a im, jm (1.4)
Thus by the definition of the action of U q (gl n ) we deduce that the character of A n equals the character of S n (4 2 k n ) considered as a representation of Gl(n, k). It follows from the well known decomposition of this representation, that each irreducible component in it has multiplicity one and the irreducible components appearing in it are exactly those with Young diagram having rows of even length and containing 2m boxes. Since one knows, [4, 5] , that the irreducible representations of U q (gl n ) for which the spectrum of the L s consists of powers of q have the same indexing and characters as in the classical case of Gl(n), we deduce Proof. We prove our statement for the E i 's, the case of the F i 's being completely analogous.
If h=1 the statement of the lemma is just part of (1.2), so we proceed by induction on h. From Proof. To see the first part, we work on the algebra over k[q, q &1 ] A ⌫ , generated by the a i, j with relations (1.1) and remark a few facts. The natural map A ⌫  A is an injection since clearly A ⌫ is spanned as a k[q, q &1 ]-module by the monomials (1.2) and these are linearly independent in A by Proposition 1.1. In particular q 1 is not a zero divisor in A ⌫ and the monomials (1.2) are a basis of A ⌫ over k[q, q &1 ]. Second, our standard tableaux T lie in A ⌫ . Having made these remarks let us prove the linear independence of the standard tableaux. Suppose k i=1 b i T i is a linear relation with b i # k(q) and T i standard. Removing the denominators we can assume that the b$ i 's are in k[q, q &1 ] and are not all divisible by q&1. Now reduce mod q&1. By the above remarks, we have that A ⌫ ✓(q&1) is the ring of polynomials with coefficients in k in the variables a i, j , and one knows, [1] , that in this ring the standard tableaux are linearly independent. We deduce that for all i&1, ..., k, b i #0 mod(q&1) getting a contradiction. It remains to prove that the standard tableaux span A. This follows immediately from the fact that, for all m, A m has the same dimension as the space of homogeneous forms in the a i, j 's of degree m and that, on the other hand, the standard tableaux of degree m are a basis for this space.
The second part is a immediate consequence of the first and of Lemma 1.4. K We want now to consider some quotient algebras of A. Notice that, if we fix an even number h n, the subspace of A with basis the q-Pfaffians [i 1 , ..., i h ] is stable under the action of U q (gl n ) as follows immediately from Lemma 1.4. We deduce that, if we consider the two sided ideal I h /A generated by those elements, I h is stable under U q (gl n ). We want to give a basis for I h and A✓I h and describe their decomposition into irreducible modules. Theorem 1.6. (1) I h has a basis consisting of the standard tableaux whose shape has first row of length at least h.
(2) A✓I h has a basis consisting of the standard tableaux whose shape has first row of length at most h&1.
(3) As a U q (gl n )-module, I h is the direct sum of the irreducible modules V Y , with Y=(2h 1 2h 2 } } } h r ) and n 2h 1 h.
(4) As a U q (gl n )-module, A✓I h is the direct sum of the irreducible modules V Y , with Y=(2h 1 2h 2 } } } h r ) and 2h 1 <h.
Proof. All the statements are immediate consequence, using Theorem 1.5, of the first. So, let us prove (1) .
Set T h equal to the set of Young diagrams for Gl(n) whose first row has length at least h. Set J h equal to the span in A of the standard tableaux whose shape lies in T h . It follows from the definitions that J h /I h . Also both I h and J h are graded, and we have that the dimension of the degree m component of J h equals Y # Th, |Y| =2m dim V Y . Thus in order to obtain our statement, it suffices to see that, if V Y is contained in I h , then Y # T h . To see this, let us recall that by Pieri formula, if we take any Young diagram Y and consider V gg ⌫ V Y $V Y ⌫ V gg , then in its decomposition into irreducibles there appear only modules V Y$ with Y$#Y. This and an easy induction, immediately imply our claim. K
INVARIANT THEORY FOR THE QUANTUM SYMPLECTIC GROUP
Consider the free algebra k(q) (x i, j ) with i=1, ..., 2n, j=1, ..., m. Let J be the ideal generated by the relations
for h<k
for h<k, n s 2.
We set B=k(q) (x i, j )✓J. Notice that since J is a homogeneous ideal, the algebra B is naturally graded. Proof. We need first to show that these monomials linearly span B. By an easy induction, it suffices to see that any degree two monomial x i, h x j, k with (k, j)<(h, i), can be expressed as a linear combination of degree two monomials x ir, hr x jr, kr with (h r , i r ) (k r , j r ) and (h r , i r )>(h, i). By (2.1) and (2.2) this is clear if j{2n&i+1 or if h=k. We need to consider the monomials x i, h x 2n&i+1, k with h<k and show that they can be expressed as linear combinations of the monomials x j, k x 2n&j+1, h . For these, using the relations (2.3) one is clearly reduced to show that the 2n_2n matrix. Then, by removing denominators, we can assume that a, b # B and furthermore, since B is a free R-module, that a and b are nonzero modulo q&1. Then the fact that ab=0 modulo q&1 gives a contradiction. K Consider now the quantized enveloping algebra U q (sp(n)) (see [2, 3] ) with generators e 1 , ..., e n , f 1 , ..., f n and K \1 1 , ..., K \1 n . We claim that we have a natural action of U q (sp(n))⌫ U q (gl(m) on B.
For this we first define an action on the degree one part B 1 of B which has as basis the elements x i, j as
e n x j, h =$ n, j&1 x j&1, h and
It is clear from the definitions that the two actions of U q (sp(n)) and U q (gl(m)) commute, so that we get an action of U q (sp(n)) ⌫ U q (gl(m)) on B 1 . Now by a straightforward computation one verifies that if we extend this action to a Hopf algebra action on the free algebra k(q) (x i, j ), the ideal J is preserved so that we obtain an action on B. In particular, if we consider the ring C of invariants under the U q (sp(n)) action, i.e., the subring C=[a # B | xa==(x) a], = being the counit for U q (sp(n)), the algebra U q (gl(m)) acts on C. Our goal is to describe C by generators and relations.
Let us first exhibit some elements in C. For each h=1, ..., m set v h equal to the column vector such that Proof. The fact that (v h , v k ) # C for all h, k=1, ..., m is an easy verification that we leave to the reader.
To see the rest let us first show that (v h , v h ) =0. We claim that for s<n, 
